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Abstract
In the present paper, the following Dirichlet problem{
A(u) = f (x,u), in Ω,
u = 0, on ∂Ω,
is studied and four new multiplicity results of solutions are obtained, where Ω ⊂ RN is a bounded domain,
N  1 and
Au = −
N∑
i,j=1
Di
[
aij (x)Dju
]+ c(x)u,
aij (x) = aji(x) ∈ c1(Ω), i, j = 1,2, . . . ,N , c(x) ∈ C(Ω), c(x) 0 and there is γ > 0 such that
N∑
i,j=1
aij (x)ξiξj  γ |ξ |2, ∀x ∈ Ω, ξ ∈ RN.
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Throughout the paper, we assume f :Ω × R → R be a locally bounded Carathéodory func-
tion, that is, f (x, t) is measurable in x for every t ∈ R and continuous in t for a.e. x ∈ Ω .
Consider the following Dirichlet problem{
A(u) = f (x,u), in Ω,
u = 0, on ∂Ω, (1.1)
where Ω ⊂ RN is a bounded domain, N  1, f :Ω × R → R and
Au = −
N∑
i,j=1
Di
[
aij (x)Dju
]+ c(x)u,
where aij (x) = aji(x) ∈ c1(Ω), i, j = 1,2, . . . ,N , c(x) ∈ c(Ω), c(x) 0, Di(u) is weak partial
derivative of u and there is γ > 0 such that
N∑
i,j=1
aij (x)ξiξj  γ |ξ |2, ∀x ∈ Ω, ξ ∈ RN.
The energy functional associated to problem (1.1)
I (u) = 1
2
∫
Ω
[
N∑
i,j=1
aij (x)DiuDju + c(x)u2
]
dx −
∫
Ω
F(x,u)dx.
Under the assumptions of the following Theorems 1.1 and 1.2, I is differentiable on H 10 (Ω) and
〈
I ′(u), v
〉= ∫
Ω
[
N∑
i,j=1
aij (x)DiuDjv + c(x)uv
]
dx −
∫
Ω
f (x,u)v dx
for all u,v ∈ H 10 (Ω), where F(x, t) =
∫ t
0 f (x, s) ds, the space H
1
0 (Ω) is equipped with the norm
‖u‖ =
(∫
Ω
[
N∑
i,j=1
aij (x)DiuDju + c(x)u2
]
dx
)1/2
,
which is equivalent to the usual one
‖u‖0 =
(∫
Ω
|Du|2
)1/2
,
where Du is gradient of u (see Lu [6]).
It is well known that the weak solutions of the problem (1.1) correspond to the critical points
of I .
Let λk (k = 1,2, . . .) be the kth distinct eigenvalue of the eigenvalue problem{
A(u) = λu, in Ω,
u = 0, on ∂Ω,
and E(λk) (k = 1,2, . . .) be the eigenspace corresponding to λk . We shall use the following
assumptions:
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β
{
 n+2
n−2 , if n > 2,= any positive number, if n 2.
(h2) −∞ < lim inf|t |→∞
f (x, t)
t
 lim sup
|t |→∞
f (x, t)
t
< λ1, uniformly for a.e. x ∈ Ω.
(h3) lim sup
|t |→0
f (x, t)
t
< λ1 for a.e. x ∈ Ω.
(h4) lim sup
|ξ |→+∞
∫
Ω
F(x, ξ) dx
ξ2
>
1
2
∫
Ω
c(x)dx.
(h5) There exists an integer k  1 such that
λk  lim inf
t→0
f (x, t)
t
 lim sup
t→0
f (x, t)
t
< λk+1, uniformly for a.e. x ∈ Ω.
(h6) lim sup
|t |→∞
f (x, t)
t
< 0, uniformly in x ∈ Ω.
In this paper, we study the multiplicity of problem (1.1) and our main results are the following
four theorems.
Theorem 1.1. If (h2) and (h5) hold, then problem (1.1) has at least two nonzero weak solutions
in H 10 (Ω).
Theorem 1.2. If (h5) and (h6) hold, then problem (1.1) has at least two nonzero weak solutions
in H 10 (Ω).
Theorem 1.3. If (h1) with β < 1 and (h3) hold, then problem (1.1) has at least one weak solution
in H 10 (Ω).
If additionally (h4) holds, then problem (1.1) admits an unbounded sequence {un} of weak
solutions in H 10 (Ω).
Theorem 1.4. If (h2) and (h4) hold, then problem (1.1) admits an unbounded sequence {un} of
weak solutions in H 10 (Ω).
Remark. As A = −Δ, for the cases
F(x, t) − 1
2
λ1t
2 → −∞ or F(x, t) − 1
2
λkt
2 → +∞
as |t | → ∞ uniformly for a.e. x ∈ Ω , Liu and Tang [7] and Liu, Tang and Wu [8] studied the
existence of single-solution and two nonzero solutions of problem (1.1), their results generalized
and improved corresponding results in [3,5]; for the cases
f (x,−t) = −f (x, t), ∀(x, t) ∈ Ω,
Ambrosetti and Rabinowitz [1], Zou [12], and Liu and Li [9] researched the existence of infinitely
many solutions of problem (1.1). As p > N , Ricceri [10,11] researched the existence of one
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are new.
2. Proof of the theorems
To begin with, we prove the following lemmas.
Lemma 2.1. If (h2) holds, then I is coercive on H 10 (Ω), satisfies the (PS) condition and is
bounded from below.
Proof. (h2) implies that there are constants α, 0 < ε < λ1 and r > 0 such that, for a.e. x ∈ Ω ,
α  f (x, t)
t
< λ1 − ε, ∀|t | r.
Since f is locally bounded, M = sup(x,t)∈Ω×[−r,r] |f (x, t)| is finite. Therefore, as t  r ,
F(x, t) =
t∫
0
f (x, s) ds =
r∫
0
f (x, s) ds +
t∫
r
f (x, s) ds Mr + 1
2
(λ1 − ε)t2
and as t −r ,
F(x, t) =
t∫
0
f (x, s) ds = −
[ −r∫
t
f (x, s) ds +
0∫
−r
f (x, s) ds
]
Mr + 1
2
(λ1 − ε)t2.
Consequently,
F(x, t)Mr + 1
2
(λ1 − ε)t2, ∀t ∈ R, and a.e. x ∈ Ω.
Therefore,
I (u) = 1
2
‖u‖2 −
∫
Ω
F
(
x,u(x)
)
dx
 1
2
‖u‖2 −
∫
Ω
[
Mr + 1
2
(λ1 − ε)
∣∣u(x)∣∣2]dx
= 1
2
‖u‖2 − 1
2
(λ1 − ε)
∫
Ω
∣∣u(x)∣∣2 dx − Mr · meas(Ω)
 1
2
‖u‖2 − 1
2
(
1 − ε
λ1
)
‖u‖2 − Mr · meas(Ω)
= ε
λ1
‖u‖2 − Mr · meas(Ω).
Hence I is coercive on H 10 (Ω), bounded from below and every (PS) sequence {un} ⊂ H 10 (Ω)
is bounded. Consequently, {f (x,un(x))} is bounded in L2(Ω). Set J (u) =
∫
Ω
F(x,u)dx. Then
J :H 10 (Ω) → R and {J ′(un)} ⊂ L2(Ω) is bounded. For any u,v ∈ C20(Ω), let
(Au,v) =
∫ [ N∑
i,j=1
aij (x)DiuDjv + c(x)uv
]
dx.Ω
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A−1[I ′(un) + J ′(un)] has a convergent subsequence in H 10 (Ω). Therefore, I is coercive on
H 10 (Ω), satisfies the (PS) condition and is bounded from below. 
Lemma 2.2. If (h1) holds, then the functional J :H 10 (Ω) → R defined by
J (u) =
∫
Ω
F(x,u)dx
is weakly upper semi-continuous.
Proof. Take max{β,1} < p < 2∗ (the critical exponent). Let {un} ⊂ H 10 (Ω) be such that
un ⇀ u (weakly) in H 10 (Ω).
Then {un} is bounded in H 10 (Ω). By Sobolev’s embedding theorem we know that {un} is rela-
tively compact in Lp(Ω) and
un ⇀ u (weakly) in Lp(Ω).
Hence {f (x,un(x))} is bounded in Lp/β(Ω) by Theorem 6.2.1 in Lu [6]. Consequently, α :=
lim sup
∫
Ω
F(x,un(x)) dx is finite, and hence there is a sub-sequence {unk } of {un} such that
lim
k→∞
∫
Ω
F
(
x,unk (x)
)
dx = α.
By the relatively compactness of {unk } in Lp(Ω), passing to a sub-sequence if necessary, we
may assume that
unk → u (strongly) in Lp(Ω).
By Theorem 6.2.1 in Lu [6] we know that
lim
k→∞
∫
Ω
∣∣F (x,unk (x))− F (x,u(x))∣∣p/β dx = 0,
and hence
lim
k→∞
∫
Ω
∣∣F (x,unk (x))− F (x,u(x))∣∣dx = 0
by Hölder inequality. Therefore,
lim
k→∞
∫
Ω
F
(
x,unk (x)
)
dx = α =
∫
Ω
F
(
x,u(x)
)
dx.
This shows that J :H 10 (Ω) → R is weakly upper semi-continuous. 
Lemma 2.3. If (h1) with β < 1 and (h3) hold, then the functional I is coercive on H 10 (Ω).
Proof. By (h3),
lim sup
f (x, t)
t
< λ1|t |→0
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sup
|t |<δ
f (x, t)
t
< λ < λ1
a.e. x ∈ Ω . For each u ∈ H 10 (Ω), by (h1), Hölder inequality and Sobolev’s embedding theorem,
one has
I (u) = 1
2
‖u‖2 −
∫
Ω
F(x,u)dx
= 1
2
‖u‖2 −
∫
|u(x)|<δ
[ u∫
0
f (x, t) dt
]
dx −
∫
|u(x)|δ
[ u∫
0
f (x, t) dt
]
dx
 1
2
‖u‖2 − λ
2
∫
Ω
|u|2 dx − c1‖u‖β+1 − c2‖u‖
 1
2
(
1 − λ
λ1
)
‖u‖2 − c1‖w‖β+1 − c2‖u‖,
where c1, c2 are positive constants. Since β + 1 < 2,
lim‖u‖→∞ I (u) = +∞. 
Proof of Theorem 1.1. Let V = E(λ1) ⊕ E(λ2) ⊕ · · · ⊕ E(λk) and W = V ⊥. Then H 10 (Ω) =
V ⊕ W . Take 2 < p < 2∗. Then H 10 (Ω) ↪→ Lp(Ω) is compact. By (h5) there exist σ > 0 and
λk < λ < λk+1 such that
λk 
f (x, t)
t
< λ (2.1)
for all |t | σ and a.e. x ∈ Ω . Since V is finite dimensional, there is ρ1 > 0 such that ‖v‖∞ < σ
as v ∈ V and ‖v‖ ρ1. Hence, for each v ∈ V with ‖v‖ ρ1, one has
I (v) = 1
2
‖v‖2 −
∫
Ω
F(x, v) dx  λk
2
∫
Ω
|v|2 dx −
∫
Ω
[ v∫
0
f (x, t) dt
]
dx  0.
By (h2) there are constants 0 < ε < λ1 and r > σ such that
f (x, t)
t
< λ1 − ε, ∀|t | r, ∀x ∈ Ω. (2.2)
Since f is locally bounded, M = sup(x,t)∈Ω×[−r,r] |f (x, t)| is finite. Hence, as t  σ ,
F(x, t) =
t∫
0
f (x, s) ds
=
σ∫
f (x, s) ds +
t∫
f (x, s) ds0 σ
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2
(λ1 − ε)t2

(
Mr
σp
+ λ1 − ε
σp−2
)
tp, (2.3)
and as t −σ ,
F(x, t) =
t∫
0
f (x, s) ds
= −
[ −σ∫
t
f (x, s) ds +
0∫
−σ
f (x, s) ds
]
Mr + 1
2
(λ1 − ε)t2

(
Mr
σp
+ λ1 − ε
σp−2
)
tp. (2.4)
Consequently, for each w ∈ W , by (2.1), (2.3), (2.4) and Sobolev’s embedding theorem, one has
I (w) = 1
2
‖w‖2 −
∫
Ω
F(x,w)dx
= 1
2
‖w‖2 −
∫
|w(x)|<σ
[ w∫
0
f (x, t) dt
]
dx −
∫
|w(x)|σ
[ w∫
0
f (x, t) dt
]
dx
 1
2
‖w‖2 − λ
2
∫
Ω
|w|2 dx − c1‖w‖p
 1
2
(
1 − λ
λk+1
)
‖w‖2 − c1‖w‖p,
where c1 is some positive constant. Since p > 2, there is ρ2 > 0 such that as w ∈ W and
‖w‖ ρ2, one has J (w) 0. Take ρ = min{ρ1, ρ2}. Then
J (u) 0, for u ∈ V, ‖u‖ ρ,
and
J (u) 0, for u ∈ W, ‖u‖ ρ.
Moreover, by Lemma 2.1 we know that I satisfies (PS) condition and is bounded below.
If infu∈H 10 (Ω) I (u)  0, then I (u) = infu∈H 10 (Ω) I (u) = 0 for all u ∈ V with ‖u‖  ρ, which
implies that all u ∈ V with ‖u‖ ρ are weak solutions of problem (1.1). If infu∈H 10 (Ω) I (u) < 0,
Theorem 1.1 follows from Theorem 4 in [2]. This completes the proof. 
Proof of Theorem 1.2. (h6) implies that there exist μ < 0 and M > 0 such that
f (x, t) < μt + M, ∀t  0, ∀x ∈ Ω, (2.5)
and
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Set u0 be the only one solution of the equation{
A(u) = μu + M, in Ω,
u = 0, on ∂Ω. (2.7)
Let Lu = −Au+μu. Then L is uniformly elliptic and Lu0 < 0. By the weak maximum principle
(see [4, Theorem 8.1]), infx∈Ω u0(x) 0. If u is a solution of problem (1.1), then Au = f (x,u).
Whenever u(x) 0, Au(x) < μu(x)+M , i.e., Lu(x) > Lu0(x). By the weak maximum princi-
ple, u(x) u0(x). Hence u(x) u0(x) for all x ∈ Ω . Similarly, −u0(x) u(x) for all x ∈ Ω .
Set r = maxx∈Ω |u0(x)|. Let
f1(x, t) =
{
f (x,−r), if t −r,
f (x, t), if |t | < r,
f (x, r), if t  r.
Then every solution of problem (1.1) is also a solution of the equation{
A(u) = f1(x,u), in Ω,
u = 0, on ∂Ω. (2.8)
Note that f1 satisfies (h2) and (h5). By Theorem 1.1, problem (2.8) has at least two nonzero weak
solutions u1, u2 in H 10 (Ω). Since f1 satisfies (2.5) and (2.6), as does f , |ui(x)| u0(x) for all
x ∈ Ω and i = 1,2. Hence u1 and u2 are two nonzero weak solutions of problem (1.1) too. This
completes the proof. 
Proof of Theorem 1.3. Let
Ψ (u) = ‖u‖
2
2
−
∫
Ω
F(x,u)dx, Φ(u) = 0
for all u ∈ H 10 (Ω), and let
ϕ(r) = inf
u∈Ψ−1((−∞,r))
Φ(u) − infclw(Ψ−1((−∞,r))) Φ(v)
r − Ψ (u) ,
where clw(Ψ−1((−∞, r))) denotes the weakly closure of the set Ψ−1((−∞, r)). Then by
Lemma 2.2 we know that Ψ is weakly lower semi-continuous, and obviously, Φ is weakly lower
semi-continuous, Φ and Ψ are Gâteaux differentiable in H 10 (Ω), ϕ(r) ≡ 0. Then the first con-
clusion of Theorem 1.2 follows from [10, Lemma 2.3 and Theorem 2.5(a)].
Now, we prove the second conclusion of Theorem 1.3.
Since
lim sup
|ξ |→+∞
∫
Ω
F(x, ξ) dx
ξ2
>
1
2
∫
Ω
c(x)dx,
there exists a constant η such that
lim sup
|ξ |→+∞
∫
Ω
F(x, ξ) dx
ξ2
> η >
1
2
∫
c(x) dx,Ω
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Ω
F(x, ξn) dx > ηξ
2
n , ∀n.
For each positive integer n, let vn(x) ≡ ξn. Then
I (vn) = ξ
2
n
2
∫
Ω
c(x)dx −
∫
Ω
F(x, ξn) dx 
ξ2n
2
∫
Ω
c(x)dx − ηξ2n = ξ2n
[
1
2
∫
Ω
c(x)dx − η
]
.
Note that 12
∫
Ω
c(x)dx −η < 0 and limn→+∞ |ξn| = +∞ we know that I has no any global min-
imum. Hence by [10, Lemma 2.3 and Theorem 2.5(b)] there exists a sequence {un} of critical
points of I such that limn→∞ Ψ (un) = +∞. If {un} is bounded in H 10 (Ω), then by Sobolev’s em-
bedding theorem we know that {un} is bounded in L2(Ω), and hence I (un) = Ψ (un) is bounded.
It contradicts that limn→∞ Ψ (un) = +∞. Hence the sequence {un} is unbounded in H 10 (Ω). This
completes the proof. 
Proof of Theorem 1.4. Using Lemmas 2.1 and 2.2, the proof is similar to that of Theo-
rem 1.3. 
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